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1. Introduction. -

What is a linear transformation?

The usual definition found in any textbook of Linear Algebra is:

A transformation T defined on a vector space V such that
(1) T(cv) =cT(v) for any scalar c and vector v
(i1) T(v+w)=T(v) + T(w) for any pair v,w of vectors.

Which mode of interpretation chose our students to grasp this definition? First, the word
‘transformation’ has a metaphorical meaning; it indicates a change and even a movement on the
space.

Then how are understood the two conditions (i)&(ii)? geometrically? arithmetically? or
algebraically?

These three modes of interpretation were observed and analyzed by several authors

(cf. A. Defence, T. Dreyfus, J. Hillel, A. Sierpinska, & S. Khatcherian).

II. Experience with Cabri Il of Anna Sierpinska’s Team. —

Ref. Cabri Based Linear Algebra: Transformations by Tommy Dreyfus, Joel Hillel and Anna
Sierpinska

The experience was run in an anglophone cégep of Montréal with students who already attended
a “baby linear algebra course”.

Students in anglophone cegeps, using mostly Anton’s book, are learning Linear Algebra in the
framework of the arithmetic language of R"and the algebra of matrices. Unfortunately only
later, towards the end of the course, the geometry appears through the presentation of examples
of linear transformations: projections, mirror symmetries, rotations, homotheties, etc...Some
ambiguity then gets installed in the students’ minds; how to identify 2x2-matrices with linear
transformations on R*? They work with vector spaces equipped with bases without being aware
of it. The experience run by the team of Anna Sierpinska uses Cabri II as the decoder tool. The
students were shown that a linear transformation T can be defined by a set of 2 pairs of vectors
(ul, u2) and (v1, v2). The macro-construction was not explained. Students were expected first
to understand the relation between the two pairs of vectors inherent to T by moving the given



vector w to ul and u2 and find out the property: T(ul)=vl and T(u2) = v2. Then they should be
able to use the conditions (i) & (ii) to extend the construction to T(w) for any vector w by using:
T(w)=clvl+c2v2 if w=clul +c2u2.

Even though Cabri allowed them to move all vectors (except T(w)), the students expressed their
confusions, when talking during the task, between the transformation T and the image T(w); they
were unable to find out positions for vl and v2 when asked to project any vector w onto a
given line. Was Cabri not a good environment for linear transformations or only had the scenario
missed a point?

ITII. Experience with Maple V

I will describe now my own pedagogical scenario for teaching the concept of linear
transformations that I have been using since 10 years. My students being first exposed heavily
to the algebra of vectors and matrices, I use matrices as prototypes of linear transformations.
The two conditions (1) & (ii) are easily accepted as coming from the properties of the algebra of
matrices:

(1) A.(cuy=c (A
(i’)A.(utv)=A.u+A.v

During a 2 hour workshop, ten years ago with grid papers and pencils, now in a computer-lab
with CASs as Derive and Maple, I gave to students a set of 2x2-matrices together with a 2xn-
matrix representing a closed polygon with n vertices, one of which is the origin (0,0); this
polygon has few right angles and pairs of parallel sides.
Students are asked to plot first the initial polygon, evaluate its area, look at its orientation when
following the order in the matrix; then for each given matrix they repeat the same task: plot, area,
orientation of the new polygon equal to the image under the transformation studied; they are to
collect all observations into a big tableau with initial entries equal to the given 2x2-matrices;
those observations are about the preservation of parallelism and the origin for each linear
transformation, preservation of right angles only for symmetries, homotheties and rotations,
change in areas and orientation depending on the determinant of the matrix of the transformation.
Finally they are asked to write their own matrix with determinant = 0 and find out what happens
in such a case to the image of a closed polygon. Students can see easily that the 2 column vectors
of their matrix span the line of projection onto which the image has collapsed .
After such a workshop, during regular class time we can discuss with more comprehension and
depth on the geometric role of the conditions: (i) & (ii):

e The image of any line through the origin is again such a line.

e The image of any pair of parallel lines is again a pair of parallel lines.

e The image of any closed polygon is again a closed polygon or a closed interval in the

case of a singular matrix.

Finally the role of the matrix as a code for a geometric transformation is clarified by exhibiting
the initial basis (ul, u2) (standard basis is commonly used here) and the image pair (v1, v2) =
(T(ul),T(v1)) that is also a basis if the transformation is not singular, i.e. is invertible or
equivalently of determinant not equal to 0.



Using a CAS as Derive or Maple helped me to diminish the ambiguity in the student’s minds
between the arithmetic and geometric modes of representation of a linear transformation.
Here are few of the graphics obtained with Maple.
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Here are three mirror symmetries: x- axis, y-axis and then the line y=x.
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IV. Project with Cabri II for the Fall 2001.

Next semester (Fall 2001) I will be able to use CABRI II at Dawson College, during my Linear
Algebra classes. [ will adapt to the Cabri environment, the pedagogical scenario described in the
previous paragraph.
For the computer-lab the macro-construction of a linear transformation depending on the origin
O, an initial basis (ul, u2), the image pair (v1, v2) will be given for use with its help but not
explained to students; only later during regular class time the macro construction will be
analyzed and the importance of the conditions: (i) & (ii) will be stressed out.
I might give again to students the same set, as during the Maple exercise, of 2x2-matrices
decoding well-known linear transformations. Using the standard set of axes and associated grid
of Cabri, students may draw their own closed polygon having O as one vertex, with parallel sides
and few right angles. Then they point one vector w onto this polygon. To be able to use the
macro of linear transformation, they will choose the standard basis for (ul, u2) and then draw
two vectors vl and v2 originating from O. They should be warned that the pair (v1, v2)
represents the image pair (T (ul), T(u2)) that happens to be the two column vectors of the 2x2-
matrix representing T. Now the superb locus function of Cabri is able to trace the whole image of
the polygon under the transformation T. How to change the transformation T? With Cabri it is a
very easy task, as the student just needs to move the 2 vectors vl and v2. For each matrix given
during the Maple task, here we just need to put the vectors vl and v2 into the positions of the
column vectors of the matrix. Then as in a dream, the previous locus changes simultaneously to
the new image polygon. More over we may ask the students to use the animation function for
two reasons:
e To observe the simultaneous moves of w onto the initial polygon and T(w) on the

image. Parallelism, right angles and orientation could be analyzed during this animation.

Indeed when the transformation is preserving the orientation, as for rotations, during the

animation we can observe the movements of w and T(w) in the same direction; This

could not be done with Maple.

e Given a parametric family of linear transformations, as rotations in the last Maple
experiment, we can animate a move of the pair (vl, v2) together with the family of
images of the polygon.

It seems that with this new scenario with Cabri, we should gain in clarity for the geometric
relationships to observe. Finally I should address back to the problem of confusion observed by
the team of Anna Sierpinska between T and T(w). I expect that the students will confuse less as
T here is a procedure hidden behind a macro and T(w) belongs to the locus and was constructed.
Also the task to find out in which positions to put vl and v2 in order to project the polygon onto
a given line should be judged easy by students who know well the significance of the vectors v1
and v2 as images of ul and u2 under T. Because of the plasticity and transparency of Cabri, I
claim that the treatment Maple-Cabri should cure the students from their tendencies to confuse
procedure with its result.
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